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Abstract
We examine a Wess-Zumino term, written in bilinear of superinvariant currents, for a
superstring in anti-de Sitter (AdS) space. The standard Ino¨nu¨-Wigner contraction does
not give the correct flat limit but gives zero. This originates from the fact that the
fermionic metric of the super-Poincare´ group is degenerate. We propose a generalization of
the Ino¨nu¨-Wigner contraction which reduces the super-AdS group to the “nondegenerate”
super-Poincare´ group, therefore it gives a correct flat limit of this Wess-Zumino term. We
also discuss the M-algebra obtained by this generalized Ino¨nu¨ -Wigner contraction from
osp(1|32).
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1 Introduction
There has been great interest in studying anti-de Sitter (AdS) superstring actions [1, 2,
3, 4, 5] motivated by the AdS/CFT correspondence [6]. The superstring action contains
the Wess-Zumino term [7] which is required by the κ-symmetry to match the number of
dynamical degrees of freedom for bosons and fermions [8]. The conventional description
of the Wess-Zumino term is used in [1, 2], and an alternative description of the Wess-
Zumino term, written in bilinear of superinvariant currents, has been proposed for the
AdS superstring theories [3, 5] and for an AdS superstring toy model [4]. The conventional
description gives its flat limit straightforwardly as shown in [1], while the flat limit of the
alternative description does not correspond to the simple group contraction. In flat space
the Wess-Zumino term is given as an integral of the closed super-invariant three form in
one dimension higher space [9],
SWZ =
∫
d3σ H3 , H3 = dB2 . (1.1)
The local two form B2 is not super-invariant but pseudo super-invariant. Its geometri-
cal interpretation given by [10] is that H3 is an element of the non-trivial class of the
Chevalley-Eilenberg cohomology for the supertranslation group. It is also explained that
B2 can not be written as the bilinear of the left-invariant (LI) one-forms because of the
degeneracy of the fermionic metric of the supertranslation group [11].
In contrast to the supertranslation group the super-AdS group contains a nondegen-
erate group metric, so B2 can be written as the bilinear of the LI Cartan one-forms, L’s
[3, 5]
S ′WZ =
∫
d2σ B2 , B2 = gαβL
αLβ . (1.2)
In [25], the bilinear form Wess-Zumino term for the AdS superstring has been examined
and it was shown that the flat limit of the Wess-Zumino term (1.2) for the AdS superstring
is not obtained by the usual Ino¨nu¨-Wigner (IW) contraction [13]. The IW contraction
does not lead to the bilinear form Wess-Zumino term for a flat superstring, but leads to a
total derivative term. We consider a group “contraction” such that it leads to the correct
flat limit.
The IW contraction relates the super-AdS group and the super-Poincare´ group as
follows. The super-AdS algebra generated by JAB = (JAB, RPA) and
√
RQ is given
symbolically as
[JAB,JCD] = 4η[D|[AJB]|C]
[Qα,JCD] = −1
2
(QΓCD)α
{Qα, Qβ} = iηACηBD(CΓAB)αβ 1
R
JCD , (1.3)
where R is the scale parameter representing the radius of the AdS pseudosphere. For the
1
super-AdS group the Killing supermetric of fermions, 1
gQαQβ = f
J
Qα Q
fQQβ J − f
Q
Qα J
fJQβ Q = i
D(D + 1)
R
Cαβ , (1.4)
can be chosen as the nondegenerate fermionic metric to construct the bilinear form Wess-
Zumino term (1.2), where Cαβ is an antisymmetric charge conjugation matrix. By the
IW contraction we obtain the super-Poincare´ algebra in 1/R→ 0 limit
[PA, PB] = 0 , [JAB, JCD] = 4η[D|[AJB]|C
[Q, PA] = 0 , [PA, JBC ] = 2ηA[BPC]
{Qα,Qβ} = 2i(CγA)αβPA , [Q, JAB] = −12QγAB .
(1.5)
The Killing supermetric for the super-Poincare´ group vanishes
gQαQβ = 0 , (1.6)
so B2 can not be written in the bilinear of the LI one-forms in flat space.
It has been shown that even in a flat space the bilinear form Wess-Zumino term can
be constructed from the nondegenerate supertranslation group which contains a fermionic
center [11, 12]:
[PA, PB] = 0
[Qα, PA] = −λ2 (ZγA)α
{Qα, Qβ} = 2i(CγA)αβPA
[Zα, PA] = [Zα, Qβ] = 0 ,
(1.7)
where λ is a scale parameter. The nondegenerate group metric can be imposed
gQαZβ = −i
2
λ
Cαβ (1.8)
which is not the Killing supermetric, but the invariant group metric with totally antisym-
metric structure constants 2. The nondegenerate supertranslation group has been applied
to various p-brane systems and the (p+ 1)-form Wess-Zumino terms are used to analyze
these systems [4, 14, 15, 16, 17, 18, 19, 20, 21]. Now the question becomes what type of
1The Killing supermetric is given by
[TM , TN ] = TKf
K
MN , gMN = f
K
MLf
L
NK(−)K ,
where (−)K = +1(−1) if TK is an even (odd) generator.
2
fQαQβPA = Tr({Qα, Qβ}PA) = Tr([PA, Qα]Qβ) = fPAQαQβ = i(CγA)αβ
Tr(PAPB) = gPAPB =
1
2
ηAB
Tr(QαZβ) = gQαZβ = −i
2
λ
Cαβ . (1.9)
2
group “contraction” gives the nondegenerate super-Poincare´ group from the super-AdS
group?
The existence of a scale parameter, R in (1.3) and (1.4) and λ in (1.7) and (1.8),
allows one to have a nondegenerate metric. For the usual IW contraction one takes a limit
where such parameter dependence is completely washed out, as 1/R→ 0. As a result the
fermionic metric becomes degenerate. In order to have the bilinear Wess-Zumino term in
a flat limit, equivalently in order to get the nondegenerate super-translation group in a flat
limit, we need a more general IW contraction which keeps some parameter dependence.
We present a generalization of the IW contraction that relates the super-AdS group and
the nondegenerate super-Poincare´ group by truncating at a finite order of the parameter
expansion of the LI one-forms.
The organization of this paper is as follows. In section 2, we propose a generalization
of the IW contraction. At first we take SO(3) group as a simple example, and then
give an interpretation of the generalized IW contraction. Next we apply this procedure
to the super-AdS group, and we show that this generalized IW contraction gives the
nondegenerate super-Poincare´ group as well as the usual super-Poincare´ group. In section
3, we discuss the M-algebra [15] corresponding to an algebra obtained by this generalized
IW contraction from osp(1|32). The last section devoted to a summary and discussions.
The original version of this paper, posted on July 17, 2001, includes an analysis of the
AdS superstring, which has been published separately in [25]. In this revised version, we
focus on a generalization of the IW contraction, which has been discussed further in [26].
2 Generalized Ino¨nu¨-Wigner contraction
It was shown [25] that the flat limit of the bilinear form Wess-Zumino term must be
taken in such a way that one keeps not only leading terms but also next to leading terms
of Cartan one-forms in the 1/R expansion. The usual IW contraction reduces the super-
AdS algebra to the super-Poincare´ algebra and keeps only leading terms, therefore the
flat limit action becomes the total derivative part. In order to keep the next to leading
term, we need to enlarge the “contraction” procedure. In this section we will consider a
generalization of the IW contraction in such a way that it keeps the next to leading term
and it also includes the original IW contraction. At first we take a simple example, SO(3)
which is reduced to ISO(2) with a center by the generalization of the IW contraction. Next
we will show that the super-AdS group is reduced to the “nondegenerate” super-Poincare´
group by the generalization.
3
2.1 Generalized contraction of SO(3)
We begin with SO(3) as the simple example of a generalization of the IW contraction.
Generators JI , I = (x, y, z) satisfy
[JI , JJ ] = ǫIJKJK . (2.1)
Parameterizing a group element as g = eJIφ
I
gives Cartan one-forms
LI = dφI +
1
2
dφJφKǫIJK +
1
3!
dφJ(φIφJ − δIJφ2)− 1
4!
dφJφKǫIJKφ2 + · · · , (2.2)
defined by g−1dg = JIL
I and satisfying the Maurer-Cartan (MC) equation, dLI =
1
2
ǫIJKLJLK . The conventional IW contraction requires rescaling of generators
Jx → 1
s
Jx , Jy → 1
s
Jy , Jz → Jz , (2.3)
and taking the limit s→ 0. This corresponds to rescaling parameters,
φx → sφx , φy → sφy , φz → φz , (2.4)
and LI ’s, Lx → sLx , Ly → sLy , Lz → Lz, and then taking the s → 0 limit. This
procedure is equivalent to keeping only leading terms of LI ’s in s-expansion.
Now, before taking the limit, we consider the scaling (2.4) for φI ’s which implies the
following expansion of Cartan one-forms LI ’s
Lx = sLx1 + s
3Lx3 + · · · =
∞⊕
i=0
s2i+1Lx2i+1
Ly = sLy1 + s
3Ly3 + · · · =
∞⊕
i=0
s2i+1Ly2i+1 (2.5)
Lz = Lz0 + s
2Lz2 + · · · =
∞⊕
j=0
s2jLz2j
where
Lx1 = dφ
x +
1
2
(dφyφz − dφzφy) + · · · , · · ·
Ly1 = dφ
y +
1
2
(dφzφx − dφxφz) + · · · , · · ·
Lz0 = dφ
z , (2.6)
Lz2 =
1
2
(dφxφy − dφyφx) + 1
3!
{(dφxφz − dφzφx)φx + (dφyφz − dφzφy)φy}+ · · · ,
· · ·
MC equations are satisfied in order by order
dLIM =
1
2
ǫIJKLJNL
K
M−N (2.7)
4
or equivalently
dLz0 = 0 (2.8)
dLx1 = L
y
1L
z
0 (2.9)
dLy1 = L
z
0L
x
1 (2.10)
dLz2 = L
x
1L
y
1 (2.11)
· · · .
The conventional IW contraction keeps only MC equations (2.8)-(2.10) for Lx1 , L
y
1, L
z
0, and
corresponding algebra is
[Jx,1, Jy,1] = 0
[Jy,1, Jz,0] = Jx,1
[Jz,0, Jx,1] = Jy,1 . (2.12)
This is the inhomogeneous SO(2); the rotation around the z-axis on the x-y plain remains,
but rotations around the x-axis and y-axis are restricted to infinitesimal values and turn
out to be translations in the y and x directions.
Next let us consider alternative limit in such a way that not only leading terms,
Lx1 , L
y
1, L
z
0, but also the next to leading term , L
z
2, are kept. Then survived MC equations
are (2.8)-(2.11), and corresponding algebra is
[Jx,1, Jy,1] = Jz,2
[Jy,1, Jz,0] = Jx,1
[Jz,0, Jx,1] = Jy,1 . (2.13)
The new generator, Jz,2, is a central term. This is an intermediate form between the
three-dimensional rotation on a two-dimensional sphere and the rotation of the z-axis on
a x-y flat plane. Therefore this generalization brings the rotation of the z-axis on the x-y
plane which has a infinitesimally small curvature. Further generalization is possible as
long as the MC equations are consistently maintained.
2.2 Generalized contraction of super-AdS
Now let us go back to the problem of the Wess-Zumino term for a AdS superstring. The
usual IW contraction reduces the super-AdS group (1.3) to the super-Poincare´ group
(1.5). The MC equations for the super-AdS group3 are
DLαI = ǫIJ
i
2
(/LLJ)α
DLA = iL¯γAL (2.14)
DLAB = −1
2
LALB − 1
2
L¯IγABǫIJLJ
3We follow the notation used in [1]; A = (a, a′) (a = 0, 1, ..., 4, a′ = 5, 6, ..., 9), α = α′α′′ (α′ =
1, ..., 4, α′′ = 1, ..., 4), and I = 1, 2.
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where covariant derivative D includes the Lorentz rotation. They are reduced under the
IW contraction to those for the super-Poincare´ algebra 4
DLαI = 0
DLA = iL¯γAL (2.15)
DLAB = 0 .
The procedure for keeping the next to leading term of Cartan one-forms is as follows.
We expand the Cartan one-forms in s = 1/R as
LA =
∞⊕
i=1
siLAi , L
AB =
∞⊕
j=0
sjΩABj , L
Iα =
∞⊕
k=0
sk+1/2LIαk+1/2 (2.16)
and then the MC equations are satisfied in each order of R
DΩAB0 = 0 (2.17)
DLIα1/2 = 0 (2.18)
DLA1 = iL¯
I
1/2γ
ALI1/2 (2.19)
DΩAB1 = −iL¯I1/2ǫIJγABLJ1/2 (2.20)
DLIα3/2 = ǫ
IJ i
2
/L1L
J
1/2 (2.21)
...
where D includes Lorentz rotation. The equations (2.17)-(2.19) correspond to the super-
Poincare´ algebra (2.15), in other words, leading terms of this expansion correspond to the
usual IW contraction.
Now we generalize the IW contraction as follows. For an expansion parameter s which
is finite before contraction, we expand an element and subtract the redundant part,
T (s) =
∞⊕
n=0
snTn
→ T (s) = T (s)−
∫ s
0
dN+1s′
(
d
ds′
)N+1
T (s′) (2.22)
= T0 + sT1 + · · ·+ sNTN .
The Cartan one-forms (2.16) are now subtracted,
LAB →
N⊕
j=0
sjΩABj = L
AB −
∫ s
0
dN+1s∂N+1s L
AB ,
4Although the Cartan one-form for the Lorentz generator vanishes for the super-Poincare´ algebra, we
include it in order to clarify the commutation relations of the corresponding superalgebra.
6
LA →
M⊕
i=1
siLAi = L
A −
∫ s
0
dM+1s∂M+1s L
A, (2.23)
Lα →
P⊕
k=0
sk+1/2Lαk+1/2 = L
α − s−1/2
∫ s
0
dP+1s∂P+1s (s
1/2Lα) .
Taking (N,M, P + 1
2
) to be (1, 1, 3
2
) gives LI Cartan one-forms (Ω0,Ω1,L1, L1/2, L3/2) sat-
isfying (2.17)-(2.21). This procedure can give the correct flat limit of the AdS superstring.
In this subsection we focus on a case N = 1,M = 1, P = 1, while more general cases will
be discussed in the next subsection.
Let us translate the MC equations (2.17)-(2.21) into (anti)commutation relations of
nondegenerate algebra. If we expand the LI Cartan one-form introducing generators as 5
G−1dG = L1/2Q1/2 + L3/2Q3/2 + L1P1 +
1
2
Ω1J1, (2.24)
MC equations (2.17)-(2.21) turn out to be the nondegenerate superalgebra on E1,4 × E5{
QI,1/2, QJ,1/2
}
= −2iδIJ(CγA)PA,1 + ǫIJ(CγAB)JAB,1[
QI,1/2, PA,1
]
=
i
2
QJ,3/2γAǫJI (2.25)
[
QI,1/2, JAB,1
]
= −1
2
QI,3/2γAB
others = 0 ,
where the Jacobi identity of three Q’s requires a tensor central charge which can be always
taken as a quotient subgroup. We have obtained the nondegenerate superalgebra from
super-AdS algebra using generalized IW contraction. This algebra can be rewritten in
10-dimensional spinor representation6 as{
QI,1/2, QJ,1/2
}
= −2iδIJ (CγA)PA,1 + (τ3)IJ(CγA)ΣA,1[
Q1,1/2, (PA,1 + ΣA,1)
]
=
i
2
Q1,3/2γA (2.28)
[
Q2,1/2, (PA,1 − ΣA,1)
]
=
i
2
Q2,3/2γA
others = 0 ,
5We omit the Lorentz generator here. This implies that the commutation relations corresponding to
Lorentz transformations are omitted for simplicity below.
6In the limit R → ∞, we have obtained superalgebras on E1,4 × E5. In order to obtain E1,9 super-
algebra, we must recover full generators of the ten-dimensional covariance. This is associated with the
replacement of the E1,4 × E5 Fierz identity in the Metsaev-Tseytlin notation
(γA)
Iα
(Jβ(Cγ
A)Kγ Lδ) +
1
2
(ǫγAB)
Iα
(Jβ(ǫCγ
AB)Kγ Lδ) = 0 (2.26)
with the E1,9 Fierz identity
(δγA)
Iα
(Jβ(δγ
A)Kγ Lδ) + (τ3γA)
Iα
(Jβ(τ3γ
A)Kγ Lδ) = 0. (2.27)
In this particular case, J1 is replaced with the F-string charge (ΣA) in the algebra.
7
where the following cyclic identity
(CγAδ)
Iα
(Jβ(Cγ
Aδ)Kγ Lδ) + (CγAτ3)
Iα
(Jβ(Cγ
Aτ3)Kγ Lδ) = 0 (2.29)
is used and the center ΣA can be taken as a quotient subgroup. Of course it is necessary to
check the cyclic identity. This procedure may correspond to the similarity transformation
in the original IW contraction which is required for the consistency.
There are two manners for realizing these algebras:
(i) A simple example of realization of the algebra (2.28) is that for an open superstring
as discussed in [20],
Q1/2 =
∫
[ζ − iθ¯(/p+ Tτ3/X ′)− iT
6
(θ¯γτ3θ
′ · θ¯γ + θ¯γθ′ · θ¯γτ3)]
Q3/2 =
∫
T θ¯′ (2.30)
P1 =
∫
p , Σ = T
∫
X ′ .
The system is described by only (XA, pA) and (θ
α, ζα)
7. This realization can be viewed
as a description of the nondegenerate group manifold in terms of the AdS superspace.
(ii) Another way is to introduce canonical coordinates (ξα,Πξ,α) and (y
A, pAY ) correspond-
ing to Qα,3/2 and ΣA adding to the original variables. This is the case in our previous
work [4, 21]. The canonical generators are expressed as
Q1/2 =
∫
[ζ − iθ¯(/p+ /pY τ3)−Πξ(/X + /Y τ3)−
i
3
(Πξγθ · θ¯γ +Πξγτ3θ · θ¯γτ3)]
7The two-form doublet B are written in terms of Cartan one-forms as [16, 17, 19]
BNS ≡ L¯1/2σ3L3/2 −
1
2
ΩNS,1L1, dBNS = iL1(L¯1/2σ3γL1/2) = HNS ,
BRR ≡ L¯1/2σ1L3/2 −
1
2
ΩRR,1L1, dBRR = iL1(L¯1/2σ1γL1/2) = HRR.
(2.31)
Parameterizing a group element as G = ex
APAeθQ1/2 , Cartan one-forms are expressed as
G−1dG = LAPA +Ω
AΣA + L1/2Q1/2 + L3/2Q3/2,
L
A = dxA − i(θ¯γAdθ),
Ω
A
NS = −i(θ¯σ3γAdθ),
Ω
A
RR = −i(θ¯σ1γAdθ),
L1/2 = dθ,
L3/2 = −
i
2
dxA(γAθ)
α − 1
6
(θ¯γdθ)(γθ)α − 1
6
(θ¯σ3γdθ)(σ3γθ)
α,
and B = BNS is expressed in terms of (x, θ)
B = −idx(θ¯σ3γdθ)− 1
2
(θ¯γdθ)(θ¯σ3γdθ).
This agrees with the two-form B obtained in (2.26). For RR two-form, σ3 in (2.32) is replaced by σ1.
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Q3/2 =
∫
Πξ (2.32)
P1 =
∫
p , Σ =
∫
pY
satisfying (2.28).
The algebra (2.28) gives the group metric such that the metric in fermionic coordinates
becomes nondegenerate, gQ1/2Q3/2 = tr(Q1/2Q3/2) 6= 0. The nondegenerate group manifold
is obtained by the generalized IW contraction from the AdS superspace in these ways.
2.3 Sequence of the generalized IW contracted algebras
Now let us consider the general integer N,M, P case in (2.23). A set of generators
with the highest dimension (N,M, P + 1/2) form an algebra G(N,M, P + 1/2)
DΩABj = −
j−1∑
l=1
1
2
LAl L
B
j−l −
j−1∑
l=0
1
2
L¯Il+1/2γ
ABǫIJLJj−l−1/2 , j = 0, ..., N ,
DLAi =
i−1∑
l=0
iL¯l+1/2γ
ALi−l−1/2 , i = 1, ...,M , (2.33)
DLαIk+1/2 =
k∑
l=1
ǫIJ
i
2
LAl (γALk−l+1/2)
α , k = 0, ..., P ,
with N = M = P , N = M = P+1, N =M+1 = P+1 or N+1 =M = P+1. For exam-
ple, G(1, 1, 3/2) is the nondegenerate superalgebra generated by {Ω0,Ω1,L1, L1/2, L3/2}
discussed in the previous subsection. A generator with the highest dimension is a center of
the algebra. In other words, this algebra is nilpotent. This implies a sequence of algebras
G(0, 0, 0)→ G(0, 0, 1
2
)→
{ G(0, 1, 1
2
)
G(1, 0, 1
2
)
→ G(1, 1, 1
2
)→ G(1, 1, 3
2
)→ · · ·
G(0, 0, 0) = {Ω0} : Lorentz algebra
G(0, 1, 0) = {Ω0,L1} : Poincare´ algebra
G(0, 1, 1/2) = {Ω0,L1, L1/2} : the (degenerate) super-Poincare´ algebra
G(1, 1, 3/2) = {Ω0,Ω1,L1, L1/2, L3/2} : the nondegenerate super-Poincare´ algebra
where an arrow indicates an central extension. G(∞) is the original super-AdS algebra
after suitable combination of generators.
As well as the nondegenerate supertranslation algebra case (2.25), there are two man-
ners of describing group manifold of G(N,M, P + 1
2
).
(i)The first one is to begin with a super-AdS group manifold and to regard G(N,M, P+ 1
2
)
as a corresponding limit as we have seen above. In this case, the group manifold of
9
G(N,M, P + 1
2
) is described by AdS supercoordinates (x, θ) dual to (P,Q) (after dividing
by Lorentz group) with nontrivial boundary conditions.
(ii)The other one is to introduce a coordinate set dual to generators with dimension from
0 to k. The group manifold is parameterized by coordinates dual to them.
3 M-algebra and the contracted osp(1|32)
There is another interesting example of this generalized IW contraction. M-algebra
[15] is an eleven dimensional superalgebra generated by generators of supertranslations
QM = (Qα, Pµ), string charge ZM , M2-brane charges ZMN and M5-brane charges ZM1···M5,
where M runs 11-dimensional vector indices and spinor indices M = (µ, α). This algebra
is too big enough to include the D=11 N=1 supertranslation algebra. In order to examine
the structure of the M-algebra, we rather begin with osp(1|32) algebra which is generated
by 32 supercharges Qα and 528 sp(32) generatorsMαβ , α, β = 1, . . . , 32 in spinor indices.
They satisfy the following algebra
{Qα,Qβ} =Mαβ, [Qα,Mβγ] = ΩαβQγ , [Mαβ ,Mγδ] = ΩβγMαδ. (3.1)
We denote Cartan one-forms dual to Qα, Mαβ as Πα and Παβ, respectively and expand
as
Πα =
⊕
n=0
1
R(n+1/2)
Παn+1/2
Παβ =
⊕
n=1
1
Rn
Παβn . (3.2)
Cartan one-forms and the dimensions are listed below.
generator Qα Pαβ Zα M
(2)
αβ Q
(5/2)
α M
(3)
αβ Q
(7/2)
α
dimension 1/2 1 3/2 2 5/2 3 7/2
Cartan one-form Πα Παβ Πα3/2 Π
αβ
2 Π
α
5/2 Π
αβ
3 Π
α
7/2
A general expansion gives infinite number of generators, but we terminate this sequence
at the suitable dimensions in order to focus on the M-algebra.
The MC equations for osp(1|32) in each order of R are found to be
dΠα = 0,
dΠαβ = ΠαΠβ,
dΠα3/2 = ΩβγΠ
αβΠγ,
dΠαβ2 = Π
αΠβ3/2 +
1
2
ΩγδΠ
γαΠβδ, (3.3)
10
dΠα5/2 = ΩβγΠ
αβ
2 Π
γ +
1
2
ΩβγΠ
αβΠγ3/2,
dΠαβ3 = Π
αΠβ5/2 + ΩγδΠ
γαΠβδ2 +
1
4
Πα3/2Π
β
3/2,
dΠα7/2 = ΩβγΠ
αβ
3 Π
γ +
1
2
ΩβγΠ
αβΠγ5/2 +
1
2
ΩβγΠ
αβ
2 Π
γ
3/2.
This corresponds to the M-algebra proposed by Sezgin[15], if we relate our Cartan one-
forms with his Cartan one-forms, eM , e′M , eMN , eM1···M5, which are dual to QM , ZM , ZMN
and ZM1···M5 as
Πα = eα
Παβ = (γµ)αβe
′
µ + (γµ)αβe
µ + (γµν)αβeµν + (γ
µ1···µ5)αβeµ1···µ5
Πα3/2 = e
′
α + (γ
µ)βαeµβ + (γ
µ1···µ4)βαeµ1···µ4β
Παβ2 = eαβ + (Cγ
µνρ)αγeµνργβ (3.4)
etc., or equivalently
Qα = Qα
Pαβ = (Cγ
µ)αβPµ + (Cγµ)αβZ
µ +
1
2!
(Cγµν)
αβZµν +
1
5!
(Cγµ1···µ5)αβZ
µ1···µ5 ,
Zα = Z
α + (γµ)βαZ
µβ + (γµ1···µ4)αβZ
µ1···µ4β
M
(2)
αβ = Z
αβ + (Cγµνρ)αγZ
µνργβ (3.5)
etc. In Sezgin’s M-algebra the auxiliary generators Z with spinor indices, Zµβ , Zαβ etc.,
correspond to the higher dimension generators, Zα,M
(2)
αβ etc., in our algebra. Our reduced
M-algebra is subalgebra of Sezgin’s M-algebra; the number of bosonic generators and
fermionic generators are 528 × 3 = 1584 and 32 × 4 = 128 for ours and 664147 8 and
717088 9 for Sezgin’s M-algebra, respectively.
A set of generators with dimension less than k forms an algebra. We denote this as
G(k). Then this reduced M-algebra is G(7/2). Generator with the highest dimension is a
center of the algebra. This algebra contains algebras
G(1)→ G(3/2)→ · · · → G(7/2)
G(1) : super-translation algebra with maximal central extension
G(3/2) : nondegenerate algebra
G(7/2) : reduced M-algebra .
One can extend the reduced M-algebra including a dimension 4 generator or a Cartan
one-form Παβ4 satisfying the MC equation
dΠαβ4 = Π
αΠβ7/2 + ΩγδΠ
γαΠβδ3 +
1
2
Πα3/2Π
β
5/2 +
1
2
ΩγδΠ
γα
2 Π
βδ
2 . (3.6)
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(
11
1
)
+
(
11
1
)
+
(
11
2
)
+
(
32
2
)
sym
+
(
11
5
)
+
(
11
3
)
×
(
32
2
)
sym
+
(
11
1
)
×
(
32
4
)
sym
= 664147.
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(
32
1
)
+
(
32
1
)
+
(
32
1
)
×
(
11
1
)
+
(
11
4
)
×
(
32
1
)
+
(
11
2
)
×
(
32
3
)
sym
+
(
32
5
)
sym
= 717088.
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The extended superalgebra G(4) is an extension of the reduced M-algebra.
G(7/2)→ G(4) . (3.7)
If it is possible to extend to a superalgebra G(7/2) · · · G(∞) with suitable reducibility of
generators analogous to (3.4), the asymptotic algebra is osp(1|32).
4 Conclusions and discussions
We proposed a generalized IW contraction. While the original IW contraction restricts
parameters contracted to infinitesimally small values and keeps leading terms in LI one-
forms, this generalization relaxes this restriction in such a way that not only leading
terms but also next to leading terms are kept: Lz2 for the SO(3) case or L
α
3/2 for the
super-AdS case. A further extension was also considered where the guiding principle of
extension is the MC equations expanded in parameter, (2.7) for the SO(3) case or (2.33)
for the super-AdS case. A suitable combination of generators should be considered for
each contraction in order to satisfy the cyclic identity for supersymmetric theories, as
well as the similarity transformation required even in the original IW contraction. This
contraction keeps a part of the scale parameter information as expected. This is a kind of
a central extension after performing the IW contraction. In this procedure the number of
independent generators of G(N) becomes infinity at N → ∞ which looks different from
the number of the original algebra. However this is reasonable in the sense that an infinite
number of nilpotent generators is required to represent the homogeneous algebra ∋M
N︷ ︸︸ ︷

0 1 0 · · · 0
0 0 1
. . .
...
0 0 0
. . . 0
...
. . .
. . .
. . . 1
0 · · · · · · 0 0


N−1
6= 0 N→∞−→ MN =M . (4.1)
Again a suitable finite number of combinations of the infinite number of generators is
required. It is interesting that theWess-Zumino term of the type (1.1) for a flat superstring
is derived from homogeneous supergroup OSp(1|32) by the usual IW contraction shown
in the Chern-Simons supergravity context [23].
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